WIDE MORITA CONTEXTS IN BICATEGORIES. 
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Abstract. We give a formal concept of (right) wide Morita context between two 0-cells in an ar- 
bitrary bicategory. We then construct a new bicategory with the same 0-cells as the previous one, 
and with 1-cells all these (right) wide Morita contexts. An application to the (right) Eilenberg-Moore 
bicategory of comonads associated to the bicategory of bimodules is also given. 



Introduction 



A Morita context (see [T]) connecting two associative rings with unit A and B, is a four-tuple 
{bMa, aNb, V, tp) consisting of two bimodules bMa and aNb and two bilinear maps (p : M®^ B 
and ip : N ®B M ^ A satisfying compatibility conditions. A morphism between two Morita contexts 
connecting A and _B is a pair of bilinear maps satisfying two equations. A basic result is that if if and 
ij) are surjective, then they are in fact invertible, and so A and B have equivalent categories of modules. 
Part of the fundamental Morita theorem says that there is a one-to-one correspondence between the 
J - isomorphism types of category equivalences between categories of modules; and the isomorphism types 

QL( ' of Morita contexts with surjective maps. A natural question that was posed was how far is a Morita 

context with not necessarily invertible maps from an equivalence of categories. An answer was given by 
B. J. Miiller in [2] (based on the works of T. Kato 011]), which says that every Morita context induces an 
' equivalence between the quotient categories of modules categories determined by the two trace ideals. 

Part of Miiller's Theorem says that there is a one-to-one correspondence between the isomorphism 
types of maximal category equivalences between full subcategories of categories of modules containing 
the modules A a and Bb, and the isomorphism types of right normalized Morita contexts connecting 
fN| ■ A and B (see [U Theorem 7]). A companion to Miiller's Theorem was given by W. K. Nicholson and 

> ; J. F. Watters in [3 Theorem 5]. 

The notion of a Morita context was extended to an arbitrary Grothendieck category by F. Castaho 

■ Iglesias and J. Gomez-Torrecillas in [BJ p. 602]. Let A and B be additive categories with cokernels and 
, direct sums, consider a pair of additive covariant functors : B - ' A : Q together with two natural 

(«~^ ' transformations r\ : TQ \a and p : QJ- — > such that T, Q preserve cokernels and rij:(Y) = ^Py, 

\^ , Pg{x) — Gvx, for every pair of objects Y & B and X & A. The four-tuple {T,Q,r],p) is referred to 

' as a wide right Morita context between A and B. A wide left Morita context is dually defined, that 

is, in the dual categories A*^ and B'^. Obviously if one of these natural transformations is invertible, 
then the context is nothing but an adjunction (with invertible unit or counit) between the categories 
' A and B. This is the case, which corresponds to a wide left Morita context, when for example S is a 

Grothendieck category and is a localizing functor. 

In a series of papers [6l|7l[8], F. Castaho Iglesias and J. Gomez-Torrecillas proved several results 
concerning an equivalences of categories between full subcategories (quotient categories) that can be 
constructed form wide (right) Morita contexts. Stimulating applications to the categories of modules 
and graded modules were explicitly exhibited in the first two papers. In the third one Morita- Takeuchi 

■ contexts as wide left Morita contexts between categories of comodules over coalgebras over a field 
were particularly studied. A different approach of this case was also given by I. Berbec in [TO]. Recently 
in ^llj N. Chifan, S. Dascalescu and C. Nastasescu unify all the previous results in the framework of 
abelian categories where they also added new examples, see [HI Section 5]. Morita contexts with 
injective bilinear maps were studied more recently by J. Y. Abuhlail and S. K. Nauman in [12] . where 
several equivalences of categories were established O Section 5] . 

Bimodules are 1-cells in the bicategory Bim (rings, bimodules, bilinear maps), while functors are 
1-cells in the 2-category Cat (categories, functors, natural transformations). Thus given an arbitrary 
bicategory (see the definition below) , one can directly extend the concept of wide right Morita context 
between any pair of 0-cells. This means that the best and unifying setting of studying (wide) Morita 
contexts connecting rings or additive categories is the framework of bicategories. On the other hand, 
we sincerely think that this concept can be studied in arbitrary bicategory by its own right as was done 
for the notions of adjunction and of equivalence in bicategories. 

In this paper we consider wide right Morita contexts in an arbitrary bicategory B. In the first Section 
we study the relationship between internal equivalences and wide right Morita contexts (Propositions 
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ll.ll and ll.2p . We propose a notion of morphism of right Morita contexts, and construct a new bicategory 
which we denote by W(B). The O-cehs of W(B) are all that of B and its Horn-Categories are wide right 
Morita contexts and their morphisms (Proposition II. 9p . We show that this construction is in fact 
functorial with respect to homomorphisms of bicategories (Proposition (TTTUl)- In the second Section we 
give an application of this construction taking B — REM(Bim) the right Eilenberg-Moore bicategory 
of comonad attached to Bim, whose 0-cells are all corings over rings with identity. This bicategory 
was studied in [T3I and earlier introduced for general setting in [H]. We prove that every 1-cell 
in W(REM(Bim)) (i.e. a wide right Morita context) induces a wide right Morita context between 
the categories of right comodules over corings in the sense of [Bj (Proposition 12. 3p . Notice that the 
categories of comodules over corings are not in general abelian [TS]. The converse of that proposition 
is also analyzed (Proposition 12. 5p . 

Notations and basic notions. Since we will construct bicategories from other one, it is convenient 
to include the general definition of a bicategory, more details can be found in the fundamental paper 
[T6] (see also fTTJ for a basic definitions). A bicategory B consists of the following data subject to the 
forthcoming axioms 
Data: 

• Objects (or 0-cells). A class of objects Ob(B) denoted by A, B,C, D, ■ ■ ■ . 

• Horn- Categories. For each pair of 0-cells A and B, there is a category a^b- The objects of this 
category are known as 1-cells from B to A, and morphisms as 2-cells from B to A. 

• Functors. Defining the horizontal and vertical two sided multiplications 

CABC ■ A^B X bBc ^ aBc 

if,9) ^ fg 

(a, l3) ^ a/3 



and I : 1 ^ ^B^ defining an identity 1-cell Ia, where 1 denotes the category with one object. 
• Natural isomorphism. Defining associativity up to isomorphisms, and compatibility with left and 
right multiplications by identity 1-cells 



A^B X sBc X cBd 



aBc X cBd 



Ixc 



A^B X _bB_d 



AOd 



Br X 1 



aob 



Ix aB 



aob 



aBb X bBb 
that is, 2-cells 



iBs , aBb 



X 



Ixl 



aBa X aB_b 



^fah : {Jg)h f{gh), vj : fls /, 1/ : Uf f. 



Axioms: 

The following diagrams commute 



iif9)h)e 



{f{gh))e^^f{{gh)e) 
al / ^\ la 

Ax I 



U9){he) 



figihe)) 



{flB)g- 



■ /(ls.g) 
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Using Axioms I and II, and the naturality of a, r and ( we obtain the equaUty ri_ = [i_ , and that 
the following diagrams are commutative 

(0.1) (/5)Ic figic) Uifg) {lAf)g 



fg 



fg 



(0.2) 



(iA/)ii 



■Ia(/Ib) 



Ir 



/Is 



f 

A morphisms {^,^) from a bicategory (B, c, a, r, [, I) to (B', c', a', t', [', I') consists of the following 
data subject to the forthcoming axioms 
Data: 

• Function. ^ : Oh{B) Ob(B'). 

• Functors, .^a.b : a^b ^ ^(A)BV(s)- 

• Natural isomorphism. 



aBb X bBc 



(^A,B,^B,C) 



4>i 



^(A)BV(s) X ^(s)BV(C) 



that is, two 2-cells 



Axioms: 

The following diagrams commute 



: ^(/)^(<?) ^ ^(/5) and I^(^) 

immgWih) 



^{Ia). 



A^A 



4>1 



nmngmh)) 



1* 



^{f)ngh) 



nfg)nh) 



n{fg)h) 



^Uigh)) 



1* 



■^(/)^(Ib) ^'^iA)^!) 



*1 



■^(Ia)^(/) 



■^(/Ib) 
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$) is called a homomorphism provided that $ are natural isomorphisms, that is, ^{f)^{g) = 
^{fg) and ^(U) =1' 



1. Wide Morita contexts as 1-cells 

Let B be a bicategory with natural isomorphisms a, r and 1. Given two 0-cells A and B, we define a 
wide right Morita context (WRMC for short) from i? to ^ as a four-tuple F — (/, g, rj, p) consisting of 
two 1-cells f € A^B and g G b^a, and two 2-cells rj : f g ^ Ia and p : g f ^ Ib such that the following 
diagrams commute 



(1.1) 



gifg) 



{gf)g- 



1,, 



■glA 



ifg)f ■ 



■lAf 



pi 



^Bg 



f{gf) 



ip 



Wide left Morita contexts are dually defined in the conjugate category 6"^° obtained from B by reversing 
2-cells. 

Let A and B two 0-cells of B. Recall (see jTT]) that A is said to be equivalent to B {inside B), if 
there exists a pair of 1-cells / G aBb and g G b^a together with two isomorphisms : ^ lyi in 

aBa, and -.Ib ^ gf m B^B- 

It is well known that any equivalence inside a bicategory induces an adjunction with invertible unit 
(or counit). Whence it induces a wide (right) Morita context. For sake of completeness, we give a 
complet proof of this fact. 

Proposition 1.1. Assume that A is equivalent to B inside B via the isomorphisms rj : fg Ia and 
9:Ib^ gf. 
(i) The following diagrams commute 



ifgKfg) 



1,, 



Mfg) 



ifg)h 



fg 



Mgf) 



igfKgf) 



r 



w 



gf (.9/)if 



A^A ^ b^a), defined by left multiplication by 



(a) The functor f— : b^b ^ a^b (respectively g 

f ( respectively by g ), is fully faithful. 
(Hi) There exists a 2-cell p : g f ^ 1b such that (/, g, rj, p) is WRMC from B to A. 

Proof, (i). This is immediate since r, [ are natural and rj, 9 are monomorphisms. 

(m). Let (7, cr' '. gi ^ g2 two morphisms in the category b^a- We claim that, if fa = fa', 
then a = a' , that is the left multiplication by / is faithful. This in fact follows form the following 
commutative diagram 




{gl)g 



{gf)g: 




gifgi) 



g{fg2) 



whose horizontal maps are all isomorphisms. Similar arguments are used for the left multiplication by 
g. Consider now a morphism a : fhi fh2 in the category a^b where hi are objects of the category 
B^B, for j = 1, 2. So, we can define the composition 



a : hi 



3^1 



igf)hi 



■gifhi) 



la 



g{fh2 



{gf)h2 



lis "2 



Using the diagrams stated in item (i) and in (jO.ip . Axioms II and II, in conjunction with the naturality 
of a, we can check that g{fa) = ga, and so fa — a since g~ is faithful. This proves that the left 
multiplication by / is full. Similar arguments are used for left multiplication by g. 
(Hi) . Consider the following morphism in the category a B_b 



f{gf) 



ifg).f ■ 



■Uf' 



/■ 



fh 



WIDE MORITA CONTEXTS IN BICATEGORIES. 



5 



by item (ii) there exists p : g f ^ Is such that 

that is r/ o /p o ajgf — If o ?;/. This last equahty is exactly the commutativity of the first diagram in 
(|f .f p . To show the commutativity of the second diagram in p.ip . we multiply on the left by / to get 

la 



/((5/)5) 



i(pi) 



filsg) 



:/(.9(/5)) 



® 



(/5)(/.9)' 



{{f9)f)9 

(r,l)l 

M)9 



1(1'?) 




Diagram (T) commutes by applying consecutively Axiom I, the naturality of a, the equality satisfied 
by {fp)g and lastly by applying Axiom II. The diagram (2) commutes by using consecutively the 
naturality of a, the first diagram of item (i), and both diagram in equation (jO.ip . Thus the total 
diagram commutes, which is sufficient since the left multiplication by / is faithful. □ 

The converse is not in general true. Under some extra conditions we can prove 

Proposition 1.2. Let B be a locally abelian bicategory whose left and right multiplications are right 
exact functors. Consider a WRMC T = (/, g, rj, p) from B to A. If rj and p are epimorphisms, then 
they are isomorphisms. In particular if rj and p are epimorphisms, then A and B are equivalent inside 
B. 

Proof. We only prove that 77 : /g — > is an isomorphism. Since a^a is an abelian category, its suffices 
to check that has a null kernel i.e. Ker (ry) = 0. From the sequence 



0- 



Ker (77) 



we obtain a commutative diagram 
(/5)Ker(r?) 



ifg)ifg) 



■fg- 



Ug% 



■1/ 



■ql 



I^Ker (r;) Uifg) ' UU 




which implies that rf' o [Ker(r)) ° (77Ker (77)) = 0, and so r^Ker (77) — 0. Whence Ker (77) = since rj is 
an epimorphisms and the multiplication is by hypothesis a right exact functor. □ 

Let r' = {f , g' ,ri' , p') be another WRMC from B to A. A morphism from F to F' is a pair 
(a, /?) : F ^ F' consisting of two 2-cells a : f ^ f and f3 : g ^ g' rendering commutative the following 
diagrams 




6 



L. EL KAOUTIT 



called compatibility conditions. The identity morphism is given by the pair of identities 2-cells (1/, Ig) : 
r — > r. The composition is componentwise. We thus arrive to 

Lemma 1.3. The wide right Morita contexts from B to A and their morphisms form a category which 
we denote by yiW(B)B. 

Proof. We only need to check that the composition law is well defined. That is, if (a,/3) : Fi ^ r2 
and {a' , /3') : T2 ^ are morphisms of WRMC, then {a' o a, /3' o /3) : Fi ^ is also a morphism 
of WRMC. Thus we need to show that the diagrams of equation p.2p corresponding to {a' o a,(3' o (3) 
are commutative. This is clearly fulfilled as the following commutative diagrams shown 




(a'oct)(/3'o/3) 7232 




(/3'o/3)(a'oa) 32/; 



□ 

Next, we prove that wide right Morita contexts are 1-cells in a suitable bicategory. We start by 
constructing the two sided multiplications and identities functors. 

The functors Iabc and I^. 

Let A, B and C are 0-cells of B, and consider the following WRMC, F^ = {fi, gi,ViT Pi) £ aVV(B)b 
and Ai = {pi,qi,ji, fii) e bW(B)c, where i = 1,2. The 2-cells are r] : fg ^ Ia, p ■ gf ^ Is, and 
7 : — > Is, /i : ^ Ic- From these data, we can construct new 2-cells, respectively, in the category 
aBa and c^c- 



(1.3) 



\ 



■ fipiqg)) 



\ 

\ 

\ 

?7*7 \ 



l(7l) 

1 [ 

■fg 



i<ig)ifp) 



■ligifp))- 



\ 



i(pi) 



1 1 



.qp 



Ia- 

Lemma 1.4. The four-tuples of the formVK :— {fp,qg,ri*j, fi*g) are objects of the category a^{B)c ■ 

Proof. We need to verify the commutativity of diagrams in equation corresponding to 77 * 7 and 
fj, * g. We only check the first one the other is similarly derived. This diagram decomposes as 
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((9.9) (/P)) (93) 

al 

iqi9{fp))){qg) 

(la-i)l 

(«((.9/)p))(95) 
(i(pi))i 
((Z(Ibp))(95) 
(11)1 



9((5(/p))(g5)) 



l(a-H) 



9(ff(/b(<Z5))) 



l(l(la-i)) 




(9.9)((/p)(«5)) 

la 

(93)(/b(9.9))) 
l(la-i) 

(93)(/((to)5)) 
1(1(71)) 

(95)(/(Ib<?)) 
1(10 

(9ff)(/5) 

Ir; 

(9<7)Ia 



Diagram (T) commutes by applying five times the naturality of a, by Axioms I , II, and the second 
diagram of (|0.ip . and also by the first diagram of equation (|l.ip satisfied by 7 and /i. To check 
the commutativity of (2), we start by Axiom I, next apply the naturality of a (in five occasions), 
and use the second diagram of (jO.ip together with the usual obvious fact about multiplying 2-cells i.e. 
a/3 = l/3oal = alol/3 (used three times). In diagram (3), we first apply the Axiom I, and continuously 
the naturality of a (five times), and ended by Axiom II and the first diagram of p.ip satisfied by rj 
and p. The total diagram is then commutative and corresponds to the first diagram of p.ip taking the 
2-cells ?7 * 7 and fi * p. □ 

Given two morphisms (a,/?) : Fi — > r2 and (<r,T) : Ai A2, we clearly have two 2-cells, namely, 
: fiPi hP2 and r/3 : 91^1 -> 9252, which satisfy 

Lemma 1.5. The pair of 2-cells {a(;,TP) defines a morphism (a<;,T(3) : FiAi —>■ T2A2 in the category 
ylW(B)c', where F^Ai are defined as in Lemma \1.4\ i — 1,2. 

Proof. The first diagram in equation p.2p corresponding to the stated pair of morphisms commutes as 
it is shown by the following diagram 



(/iPi)(9iffi) ■ 



l^-i l(7ll) 

■ /i(Pi(9i.9i)) ^ /i((Pi9i)5i) ^ /i(Ii3.9i) 



fi9i 



(a«)(r/3) 



(/2P2) (92.92) 



"(?(r/3)) 



■ 72(^2(92.92)) 



la" 



a((?T)/3) 



/2((j3292).92) 



0) 




l(72l) 



12(1392) 



a(3 



f292 
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The commutativity of the second one is similarly obtained. □ 

Since the multiplication c of two identities 2-cells gives an identity, the above multiplication respects 
also this rule. By lemmata ll.4l and ll.51 we thus get the following 

Corollary 1.6. Given A, B and C three 0-cells of B, there is a covariant functor 

CABC ■■ aW(B)b X bW(B)c ^ aW(B)c 

((r, A)^ rA = (^fp, qg, T]*-/,fi* g 



(a,/3)(^,T) = (a^,r/3) 



where T = (/, g,r],p) and A = (p, g, 7, ^) . 

The identity functors are given as follows. Let A be any 0-cell of B, define the four-tuple 
(IajIai'^Ia: 'ia)7 then we have the following diagrams 



Ir 



Ia 



I 



■IaIa 



Ia{IaIa) 



rl 



■IaIa 



Ia 



■IaIa 



where the second diagram commutes by Axiom II, and the first one decomposes as 

It 




'UIa 



■Ia 



rl 




■IaIa 



{IaIa)Ia 

which is commutative by the first diagram of ()0.1|) . the natutrality of r, and the equality ri^ = li^. 
Now, we look at the associativity of the two sided multiplications c. 

The natural isomorphisms apAn- 

Letr = (/,5,r;,e) e aW(B)b, A = (p, g, 7, ^) £ sW(B)c, and 17 = (m, i>, 0, a) £ cW(B)c. We then 
have the following 2-cells: 



V - fa- 
p-gf- 



Is, 



1 ■ pq- 

^i: qp- 



- IB 

■Ic, 



a : uv 
a : vu ■ 



-Ic 

■Id, 



where each vertical pair satisfies (|l.ip . By Corollarv ll.61 we have two WRMC 

(^rA^ O = {fp,qg,ri*-/,fi* p){u,v,0,(t) = (ry * 7) * 6*, * =1= p) j E a^{B)d 

and 

r (^Anj = (/, g, r], p){pu, vq,j*9,a* /i) = (fipu), {vq)g, 77 =1= (7 * 0), [a * p) * p) E a^{^)d 
Lemma 1.7. The pair arAn ■— (ci, a^^) : (^rA^ ^ F ^A57^ defines an isomorphism in the category 



iW(B)£) with inverse (a ,a). Moreover, a- 



( ) > — ( ) is a natural isomorphism. 



Proof. For the first statement, we need to show that the diagrams in equation (|1.2p associated to the 
pair (a, a""'^) are commutative. We only prove the commutativity of the first one the remainder is 
similarly deduced. This first diagram is 



{{fp)u){viqg)) 



if{pu)){{vq)g) 



writing explicitly the maps, we get 
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{{fp)u){v{qg)) 



ifp)iuiviqg))) 



ifp)iiuv)iqg)) 



1(01 



ifpKiciqg)) 



fipiqg)) 



® 



{fpMuv)q)g) 



,1(1(11))' 



fip{u{ivq)g))) 



l(la-i) 



fip{iuivq))g)) 



1(1(0-11)) 



f{p{{iuv)q)g)) 

l(l((ll)l)) 

f{p{(Icq)9)) 



-i((iOi)- 



,1(71) 
11 



l(al) 



f{{p{uivq)))g) 
l((la|-i)l) 

f{{p{{uv)q))g) 
l((l(|i))l) 

f{{p{lcq))g) 



Diagram (T) commutes by Axiom I (applied two times) and by naturality of a (used three times). 
Applying the second diagram of (|0.ip , and three times the naturality of a, we get the commutativity of 
@. It is clear that (3) = / x (3^, and (3^ is commutative before applying Axiom I, and consecutively 
three times the naturality of a. 

The rest of the proof is clearly obtained by using the natural isomorphism a. □ 



The natural isomorphisms rr and [p. 

Let A and B two 0-cells of B, we have shown that Ia = (IajHaj'^Iaj ^a) ^-nd = {^b,Ib,''^IbAib) 
are, respectively, objects of a'^{B)a and sW(B)b. Consider now T = {f,g,r],p) any object of the 
category ^W(B)b, using the multiplication c, we can define two 2-cells: 



{Xf,lg) : TIb = (/lB,lB.g,?7*t,[*p) — .r, {lg,Xf) : I^F = (1^/, gl^, r * jy, p * [) T 
Lemma 1.8. Keep the above notation. 

(i) The pairs (r/, \.g) : TIb T and (lg,r/) : IaF T are isomorphisms of the category A^i^)B 

with inverses, respectively, {tj A^^) and {l'g^,t'j ). 
(a) These in fact define natural isomorphisms r_ and [_ given, respectively, at the object T = 

{f,g,V,p) bytr (r/,[g) and Ir = ([g,r/). 
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Proof, (i) We only prove that (r/, Ig) is a morphisms of ^W(B)s. The proof of the other morphism is 
similarly given. We thus need to show that the following diagrams are commutative 



(1.4) 



{lBg)iflB) 





The first diagram decomposes as 

{fWB9) 



(/Is).? 



■filBilsg)) 




which is commutative by naturality of o, the first diagram in equation (jO.ip . and Axiom II. 
The second diagram in ()1.4p decomposes as 



i(pi) 




Diagram (T) commutes by naturality of a and by the second diagram in equation (|0.ip . Applying 
equation (|0.2p . we get the commutativity of (2). The diagrams (3), (4) and (6) are commutative, since 
a""'^, 1 and r are natural transformations. Lastly, diagram (5) commutes by the second diagram in (jO.ip 
and the equality Ii^ — ri^ . 

(iz) It is componentwise derived from the naturally of r_ and l_. □ 

The Axioms I and II corresponding to the functors c, I and the natural isomorphisms a, r, and I, 
are easily derived from Axiom I and II. We then have 

Proposition 1.9. Let B be a bicategory. Then the following data form a bicategory W(B) 
• 0-cells. Are all 0-cells of B 
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• 1-cells. From B to A are four-tuples T — (/, g, rj, p) consisting of two l-cells f G a^b cind g £ b^A, 
and two 2-cells rj : f g —>■ Ia and p : g f Ib satisfying the compatibility conditions (i.e. the diagrams 
of (jl.ip are commutative). The identity 1-cell is given by the four-tuple Ia = (Ia , Ia , i^Ia i 'ia ) • 

• 2-cells. Are pairs {a, 13) : T = {f,g,r],g) —fT' = {f',g',ri',g') consisting of two 2-cells a : f f 
and (3 : g ^ g' rendering commutative the diagrams of equation (jl.2p . 

The construction of wide right Morita contexts is in fact functorial. 

Proposition 1.10. Let $) : B ^ B' 6e a homomorphism of bicategories. Then there is a homo- 
morphism of bicategories W(^, $) : W(B) W(B'). 

Proof. The function on 0-cell coincides with that of Let F — {f,g,ri,p) be any 1-cell in aW(B)^. 
Define the following two 2-cells in ^(A)B'jr(B) 



p' : .^{g).^{f) 



.9^(3)- 



Set r' = (^(/), ^(g), 77', p'), we claim that F' e ,^(a)W(B')^(^^ . We need to check that the diagrams 
of equation p.ip corresponding to r/ and p' in B' are commutative. The first one decomposes as 



^{g){^{m{g)) 



{^{g)^{f))-^{g) 



1^ 



^{gWifg) ^{gW{iA) 



1*" 



.^(5)1' 




■^{lB)-^{g) 



which is clearly a commutative diagram. Similarly we check that the second one is also commutative. 

Now, given a 2-cell (a,/?) : F ^ E = (/i, e,cr, r) in aVV(B)^, we get by the naturality of $ and 
equation (|1.2p satisfied by the pair {a, (3), commutative diagrams 

^(/)^(.9) ^(/.g) ^^{W 



,^{he) — 



.^{A) 



:^{\a) 



and 



^(.9)^(/) ^iaf) ^{Ib) 



^(e)jr(/i) 



.F(/3a) 



■^{eh) 



J?(r) 
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This means that (^(a),=^(/3)) : {^{f), ^{9),v' , p') ^ ^(e), ct', t') is a 2-cen in ^(^)W(B')j^(s)- 

We have thus construct a family of functors 



r = if,9,v,p) 

(a,/3) :r^E 



W(^)A,i 



■W(^)(r) := {■^if),-^{g),v',p') 



\N{^){a,l3) := i^{a),^{p)) : W(^)(r) ^W(^)(S) 



On the other hand, given T — {f,g,'rj,p) and A = (p, g, /i,7) two 1-cells, respectively, in ^W(B)^ and 
bW(B)(^, using the naturality of $, we obtain two 2-cells 



w(^)(r)w(jr)(A) 
II 

^(q)^(g), ??' * m', p' * y 



(<i>/p-\*„-^) 



w(^)(rA) 
II 

^(/p),^(95),(^*m)',(p*7)' 



and 




( V V r' f 



The axioms satisfied by the natural transformations $ show that (\N{.^), ($"\ : W(B) W(B') 

is a homomorphism of bicategories as claimed. □ 



2. Application to REM(Bim) 

In what follows all rings are assumed to be associative with 1. Modules are unital modules, and 
bimodules are left and right unital modules. The identity linear map associated to any module X 
is denoted by the module itself X. Given A and B two rings, the category of {A, i3)-bimodules (left 
A- modules and right B-modules) is denoted as usual by a-^b- The symbol — ®a — between bimodules 
and bilinear map denotes the tensor product over A. The bimodules bicategory Bim has the class of 
0-cells all rings A, B, C..., and Hom-categories the categories of bimodules a-^b- The vertical and 
horizontal multiplications are given by the tensor product over rings. For every M G A-^B^ we denote 
by lm the obvious natural isomorphism at M, lm ■ A iSia M ^ M ®b B, that is, lm = o W, where 
r and 1 are respectively, the right and left identities natural isomorphism of Bim. 

Let A be a ring, an A-coring |18j is a three-tuple (£, A, e) consisting of an A-bimodule and two 
A-bilinear maps 

A ; £ ^ £ ®A e: and e : € ^ A, 
known as the comultiplication and the counit of £, which satisfy 

(e:®yiA)oA = (a®ag:)oA, (e:0Ae)oA = c (e®A£)oA. 

A right (L-comodule is a pair (M, gi*^) with M a right A-module and f?*^ : M ^ M (3 a £ a right 
A- linear map (called right £-coaction) satisfying two equalities (g*^ ®a o g^'^ = {M ®a A) o gi*^, and 
{M ^A e) o = M. A morphism of right C-comodules / : (M, g^) (M', g*^') is a right A-linear 
map f : M M' which is compatible with coactions: / o g^'^ = (/ ®a ° g^^ (/ is right £-colinear). 
The category of all right £-comodules is denoted by Left £-comodules are symmetrically defined, 
we use the Greek letter A~ to denote their coactions. The category of (right) £-comodules is not in 
general an abelian category, it has cokernels and arbitrary direct sums which can be already computed 
in the category of A-modules. However, if ^£ is a flat module, then becomes a Grothendieck 
category (see [E]). Let D be a i?-coring, a {it,D)-bicomodule is a three-tuple {M, g^ , X^) consisting 
of an {A, B)-bimodule (M G a^b) and A-B-bilinear maps g^^ : M ^ M(g)_B£» and : M ^ €®aM 
such that (M, g'^'^) is right S)-comodule and (M, A*'^) is left £-comodule with compatibility condition 
{(L^A g^^) ° A*^ — (A*^ (8)b 2)) o g^ . A morphism of bicomodules is a left and right colinear map. The 
category of all (£, S))-bicomodule is denoted by Obviously any ring A can be endowed with 

a trivial structure of an A-coring with comultiplication the isomorphism A = A Cg)^ A (i.e. la) and 
counit the identity A. In this way an (A, S))-bicomodule is just a right S-comodule {M,g^^) whose 
underlying module AI is an A — i?-bimodule and whose coaction g^^ is an A — i?-bilinear map. 

Recall from |J_3^ (see [14] for general notions), that the bicategory REM (Bim) is defined by the 
following data 

• 0-cells. Are all corings (£ : A) (i.e., £ is an A-coring) 
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• 1-cells. From (D : B) to (£ : A) are pairs (M,m) where M e a^-^b and m : £ 0^ M ^ M (g)B T> is 
an A — _B-bilinear map satisfying 

{M (g)B e^) om = e^®AM, 

(2.1) 

(m(g)i3 2)) o (e:®^ m) o (Ac ®A M) = (M(X)BA2))om 

where the first equahty was token up to the isomorphism lm- The identity 1-ceU of (C : A) is given 
by the pair 1(2;.^) = (^, i^^). 

• 2- cells, (in their reduced form) a : {M, m) — > (M', m') is an ^ — _B-bihnear map a : £ (E)a M M' 
satisfying 

(2.2) m' o (C (g)^ a) o (Ac (g)^ M) = (a ®_b £)) o (£ ®a m) o (Ag; (g)^ M). 

Let (M,m) be a 1-ceU from (D : B) to (£ : A), and {W,'m) a 1-cell from (£ : C) to {D : B). The 
horizontal muhiphcation is defined by 



{M,m){W,ni) = (^M®_B VF", (M(8)B nj) o (m(g)i3 W^) 



If a : £ M M' and (3 : D (gs ^ ly' are two 2-cells, then the vertical multiphcation 
a/3 : £ (g)A M (8)B W ^ M' W, is given by the rule 

aP = {M' (g)B l3) o {m' (g)BW) o {€(g)Aa(»BW) o {Ac®aM (^bW) 

The composition of 2-ceUs a : €®a M M' and a' : £ ® a M' ^ M" is given by 

a' o a = a' o (£ ®A a) o (Ac «)a Af). 

The left and right identity functors are given as follows. Consider (M, m) any 1-cell from {D : B) to 
(£ : A), the left identity multiphcation ((M,m) : \€:A){M,m) (M, m) is defined as the composition 

[(M,m) : £ ®A A ®A Af A(g)AA(g)A M A ®a M M 

while the right identity multiplication V[M,m) '■ {^^y'^)\v: b) ^ {M,m) is defined as the composition 

r(A/,m) : €(x)aM(E)bB A®aM®bB ^ ^ M ®b B — ^ M. 

Let (M, g^'^) be an (A, !D)-bicomodule, and consider the following composed map 



m:€®AM ^€®aM ®B'ii ^ A®aM ®B'ii = M(g)_BD 

Lemma 2.1. The pair (Af, m) is a \- cell from (S) : B) to (£ : A) in the hicategory REM(Bim). 

Proof. By definition m is an A — B-bilinear map. Let us show that m satisfies the equations of (j2.ip . 
First, we have 

{M®B£'s)om = {M (»B ss) o {£€(^aM (SibD) o {€®A g^') 

= (ec (8)A M) o (£(g)A M 05 es) o (£®A 
= (ec ®A M) 

and secondly, on one hand we have 

(M(g)BA2,)om = (A/®_B As,)o(ecg)AM®_B£)o(£®A£»^^) 

= (ec «)A M D (g)_B D) o (£(g)A M (g)_B As) o (£ ®a P*^) 

= {e£(g>AM ®s£(gBD)o (^£®A ((M (gs Aj,) o /^^^^ 
= {ec<E)AM (E)B<^<E)B^)o (£®a ((/^ ®s 3) o (?^^)) 

= {e£(g>AM ®sD®i3D)o(£(gA/^(^BS)o(£®Ae*0 

= (m®i3 D) o (£®A 
and on the other hand we have 

(m0B£))o(£®Am)o(Ac®AM) = ((ec ®a M (gs £>) o (£ «)a g^)) ®b 

o(e(g)A ((ec ®aM®_b 2))o(£(gA ° (Ac ®aM) 

= (ec (g)A M ®i3 D ®s D) o (£(g)A g*'-^ (E)b S) o (£ <8)a sc ^a M ( 

o(£ (8)A £ ® A e*"^) o (Ac ® A M) 
= (ec «)A M 05 D ®B D) o (£(g)A g*'-^ (gs 3) o (£ (g)A ec «)a M ( 

o(Ac ®A M (gs S) o (£ <»A 
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= (ec (S)aM(E)bD ®s S) o (£(8)^ 0^ S) o (C®^ 
= (m®B J))o(e:(g)^£-*^) 

Therefore, (M ®s A©) o tn (m (g)^ £>) o (£ ® ^ m) o (Ac C^a M). □ 

The bicategory W(REM(Bim)) is then defined by the foUowing data: 

• 0- cells. Are all corings (£ : A). 

• l-cells. From (D : B) to (£ : A), are four-tuples T = (^{M,m), {N,n),j], with M e a^-^b, 

e s^A, bihnear maps m : £ (^a M M (E)b 'S, n : D (g>B N ^ N 'S)a € satisfying (ITT|) . and 
two 2-cells, : £ 0^ M ^b N ^ A, and p : D ®b N (^a M ^ B satisfying both them the following 
equalities (the first two ones are up to the natural isomorphism t_) 

(2.3) 

['q®A<t)o{t®AM ®Bn)o(<l®Am®BN)o[Ac®AM ®B N) = {€®Ari)°{^c®AM®BN), 
(2.4) 

{p®B'i^)°{'i^®BN ®Am)o{D®Bn®AM)o{l^^®BN ®aM) = {J:)®b p)°{^v®bN ®aM), 

(2.5) bMo(ri®AM) = {M ®B p)o{m(®B N ®aM), 

(2.6) iNo{p®BN) = (iV®A?7)o(n®AM®BiV). 

The identity 1-cell of (£ : A) is given by the four-tuple {{A, i^^), (A, t^^^), r(g;: a), '(C: a)^ 

• 2-ce/k Are pairs (a,/3) : T = (^(M, m), (A^, n), r;, T' = (^(M', m'), (iV', n'), V, p') where a : 
£ (giA M' and /? : D ®b N ^ N' are 2-cells satisfying the following equalities 

(2.7) r] = T]' o {€(^aM' (»B l3) o {^(^Am' ®B N) o {(>:(^A*^®Aa(»B N) 

o (e: (giA Ae (8)A M (g)i3 A^) o (Ac ®a M ®b N) 

(2.8) p = p'o(D®s A^'®Aa)o(S)(X)i3n'®AM)o(D®BS)(X)B/3(X)AM) 

o (D ®s As A^ ®A Af) o (As, ®b N ®a M) 

Remark 2.2. Recall that a (classical) Morita context between two rings A and B (or from B to A) 
consists of two bimodules P £ a^b and Q G b.^a together with bilinear maps (p : P ®b Q ^ A and 
ip '■ Q ®A P ^ B satisfying 

y'p{x,y') = ilj{y,x)y', xil){y,x') = (p{x,y)x' 

for every x,x' G P and y, y' S Q. This of course says exactly that the four-tuple {P, Q, ip, ip) is a WRAIC 
from i? to A in the bicategory W(Bim). This can also be recognized in the bicategory W(REM(Bim)) as 
follows. As was mentioned before we can consider trivially any ring A as an A-coring {A : A). That is 
we can consider {A : A) as a 0-cell in REM(Bim) for every ring A. So let {A : A) and {B : B) two trivial 
0-cells in REM(Bim). The category of all l-cells from {B : B) to {A : A) in this bicategory is clearly, 
using the natural isomorphism t_, isomorphic to the category of bimodules a-^b- Now, consider 
r = ((M, 6m), (A^, '-at), r?, p) any l-ceh from {B : B) to {A : A) in the bicategory W(REM(Bim)). This 
means that M e a^b, N £ b^a, and rj : A ®a M (^^b N ^ A, p : B (^b ^ 'S'a M ^ B are bilinear 
maps satisfying equations (|2.3p - (|2.6p . Define in an obvious way rj : M^bN ^ A and p : A^ (S>a M ^ B. 
It is easily seen that (M, N, rj, p) is a Morita context between A and B. Conversely any WRMC from 
{B : B) to {A : A) in W(REM(Bim)) is deduced from a classical Morita context from B to A. 

Fix an arbitrary 1-cell F = (^{M,m), {N,n),r], p^ in (c.A)W(REM(Bim))^j, ,B)- Since (Af,m) and 
{N,n) are a l-cells in REM(Bim), we can associate by 4.2], the (right) push-out functors Ai : 
— > ^® and TV : ^® ^ explicitly acting on objects by 

(2.9) M{X,g^) = (a ®A Af, = (A ®A m) o (£»^ ®A A/)) 

AA(y,e^) = (y^bN, g""^^^ ^iY(S)Bn)o{g^ ®BN)y 

for every right £-comodule (A, £»^) and every right £)-comodule {Y,g^). The actions on morphisms 
are obvious. 

On the other hand, we can define the following right linear maps 

T]x ■■ X®aM ®bN ^ X ®a^®aM ®B N ^ X ®aA = X 

PY : Y ®B N ®aM ^Y ®b'^ ®B N ®aM ^Y ®bB = Y 
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for every pair of right £-comodule (X, ^)^) and right D-comodule {Y,g^). We consider J\fM{X) = 
X ®A M ®B N and MM{Y) = Y ®b iV (g)A M, respectively, as right €-comodule and as right 2)- 
comodule using coactions defined in (|2.9p . 

Proposition 2.3. Keeping the above notations, we have 

(i) The right linear maps rjx and py are, respectively, right <t-colinear and right D-colinear. 
(a) They define a natural transformation rj^ : AfA4 1 and p : A4Af 1 j^s satisfying the 
following conditions 

m(Y) = A/'pF, for every {Y, g^) G 

PMix) = Mrjx, tor every {X,g^) e 

That is (A^, A/", 77, p) is right wide Morita context, in the sense of[6\, between the categories 
and ^® (i.e. a WRMC in the 2-category Cat with right exact functors). 

Proof. (?). We only prove the colinearity of rjx, a similar arguments are used for py- By definition rjx 
is right A-linear, and we have 

orjx = o {X (^Afl) ° ie^ '^aM (g)B N) 

= {X <»At r]) o (p^ (g)^ £ ®^ M iV) o {g^ (^aMi^bN) 

= {X (g)A<^(E)AV)° [[{q^ <»a'^)o g^) <^aM (E)B 

= {X iSiA^^AV)" [[{X ®AAe)o g^'j ig)AM i^B N^j 

= (X (g)A £ (g)A V) o (X Ac ®A M (g)B TV) o {g^ ®aM ®b N) 

= (^X (g)A ((£ ®A v) ° (Ac (E>A M (g>B iV))) o {g^ (g,A M (g>B N) 

= (^X^A ((?7®AC)o((r®AM(g)Bn)o(G:(K)Am®B7V)o(Ae;(g)AM®siV)^) 

o{g^ (SaM ®B N), by (1231) 

= {X IS)AV ®A ^) o{X IS)A^ 'S>A M ®B n) o{X®A't ®A m®B N) 
o{X ®a^€®aM ®B N)o [g^ ®aM ®bN) 

= {X®AV ®A £) o{X (^a^^^aM ®b n) o{X®A^ ®A m®B N) 

o{g^ ^a'I^aM ®B N)o {g^ (^aM(S)b N) 
= {X iS)AV 8)A o{X (S)A^ 'S>A M ®B n) o {g^ ®aM®b'S) ®b N) 

o{X ®Am®AM ®B N)o{g^ ®aM®b N) 

= {X®AV ®A £) o {q^ ®a M ®b C) o {X ®A M i»B n) 

o{X(g)Ami»AM(g)BN)o{g^ iS)AM(g)BN) 
= {VX®A€)og^^-^'®-«, 

where q^®bM®aN ^ (x ®s M ®a n) o (X ®_b m 05 M (g)^ iV) o (g-^ 0b M ®a ^) is the right coaction 
oiMM{X, g^) as defined in (1^)) . 

(iz). Let / : {X, g-^) — > {X' , ) be a right £-colinear map, then 

foljx = fo{X®AV)° {q^ ®a M ®b N) 

= (X' (g)A ?7) o (/ (g)^ (T (8)A M (g)B N) o {g^ ®A M (g)B N), f is linear 

= {X' ®AV)° {{if ®A<l)o g^^ ®aM ®B 

= {X' IS) A i) ° {q^' ^a M iS)B N) o {f (g)A M i»b N), f is colinear 
= ?jx'oJ^M{f). 

Hence ry_ is natural. Similarly we check that p_ is also natural. Given now any right X)-comodule 
(Y, g^),we know that = {N (g)A n) o {g'^ (g,B N), so 

m(y) ^ (Y diB N i^AV) ° (Y ®Bn®AM (g)B N) o {g^ iSiB N 'S>aM ®B N) 

= {y^Sib {{N •g>Ar]) o (n^A M ^ijiV))) o (g^ ®b N ®a M i^b N) 
(Y ®b P®B N) o [g^ ®bN ®A M ®B N), by JM]) (up to /,_) 

which gives the first condition of the stated item (m). The second one is similarly proved. Since the 
push-out functors preserve cokernels, we have thus showed that {M,M ,rj,'p) is right Morita context 
between ^® and in the sense of [6]. □ 
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Remark 2.4. A more conceptual proof of Proposition 12.31 can be given using Proposition 11.101 in 
the following way. One can show that the push-out defines a homomorphism of bicategories ^ : 
REM(Bim) — > Cat, sending any 0-cell (£ : A) to its category of right £-coniodules Therefore, 
there is a homomorphism of bicategories \N{^) : W(REM(Bim)) — > W(Cat). Since the push-out 
functor preserves cokernels and direct sums, we immediately deduce the claim of Proposition l2.3l 
On the other hand, push-out functors are in fact a lifting functors. Precisely, given a bimodule aMb, 
we know (see dH p. 256] and the dual version of (THl Lemma 1]) that there is a 1-1 correspondence 
between 

(i) A — B-bilinear maps m : £ M ^ M (E)b satisfying equation (12. ip ; 

(ii) Lifting functors A4 : of the functor — ^a M : ^a — > that is, functors M. 
rendering commutative the following diagram 



-<g,AM 

where and Oji are the forgetful functors. 
In this way, it is posible to analyse the converse of Proposition 12.31 The forthcoming proposition 
discusses a special case of this analysis. 

Suppose that a wide right Morita context in the sense of [6] between and is given. This 
consists of pair of covariant additive functors yVf : ^ - ; J\f which preserve cokernels, and 

two natural transformations rj : M.M 1 and p : J\fAi —>■ 1 with compatible conditions as 
stated in Lemma 12.3f ii). Assume that A4 and J\f preserve direct sums, and they are lifting functors 
for some (A, S))-bicomodule {M,g^^) and some (i?, £)-bicomodule {N,g^), respectively (here A and 
B are considered trivially as an A-coring and i?-coring). In this case, we are assuming that there are 
commutative diagrams 

(2.10) ^ ^ 





^ ~®aM Ob \^ ^ -®bN 

./£a .'^ B 

We know from Lemma [TTl that (Af, m) is a 1-cell in REM(Bim) from (S) : B) to (£ : A), where 

m : 1®aM ^^®aM ®B'i:i — ^ A®aM ®b'^ M ®b'Z). 

Similarly (iV, n) is a 1-cell from (£ : A) to (£> : B) in REM(Bim) with 

n: Ti(E)B N ^ 'D (E)b N (g)A ^ B ®s (K)^ £ = A^ ®A £ 

Proposition 2.5. Let M, JV be the functors defined in (|2.10p . and {M,m), {N,n), rj and p as above. 
Then F = ^(M, m), (A^, n), 77, is a 1-cell in (■2;.^')W(REM(Bim))j^j,.^^, where 77 = £v ° 'H'S '^i^d, 

p ^ EdO 

Proof. We need to show that the stated maps 77 and p satisfy equations ()2.3p - (l2.6|) . 

Since 77- and p_ are natural transformations, it is clearly seen that, for every ring R and every pair 
of (i?,£»)-bicomodule (F, g^) and {R, £) -bicomodule (A, g^), we have rjY ■ Y ®b M ®a N ^ Y and 
px ■ X ®A N ®B M ^ X are, respectively, R — _B-bilinear and R — A-bilinear maps. Furthermore, we 
can prove, using free presentations of right modules, that 

Vyi^bZ — Y(^bVVi for every right module F e .-#b 
PX(S)A<t — X (E)A Pe, for every right module X G .y£'A. 
Keeping this in mind, we compute 

(77 i»A £) o (£ <»A M (g)B n) o (£ <®A m A") o (A^ ®aM (S)b'S N) 
= (ec o {V€ (®A e:) o (£ (g)^ M (g)_B n) o (e: 0^ m ®s A^) 

o (Ac (g)A M J) ®b N) 
= (££ ®A o (% ®A £) o{1®aM ®b £X) ®B N(g)A€)o (£ 0^ M ®b J) ®B g^) 
o (£ ®A et®AM ®B'i^ ®B N) o{(1®a'^®aq'^ ®B N)o (Ac ®aM ®b'S) ®b N) 

= (££ ®A o (% ®A £) o (£ M (g)_B £X) ®B A^ ® A o (£ M (8)5 D ®B 

o (£ ®A St «)A M ®B T)(E)B N)o (Ac ®A M S) (X)i3 A^) o (£ e*"^ 'X'B N) 
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= (^c o Ac o 7)2, 772; is colinear 

= 

On the other hand, we have 

{€(S>AV)°i.^€®A®BN) = (G:®A££)o(£«'A%)°(Ac®AM0BiV) 

= (£ ®A ££) o ° (Ae «)A M (g)B iV) 

= (£ (g)^ ec) o All o rj^ 

Therefore, 77 satisfies (|2.3p . Similarly, we prove that p satisfies (|2.4p . Now, up to the isomorphism t^/, 
we compute 

(M ®s es) o (Af ®B Ps) o (£(£ ®A M ®_B S ®a M) o {€(E)a Q^' ®bN ®a M) 

= [M ®B £2) o (££ ®A M ®B D) o (£ ®A M ®s ps) o (£ ®A /'^ ®B ®A M) 

= {M ®B £2) o (£c ®A M ®B D) o (£ ®^ pm®b2) o (e: ®A e**^ ®b ®a m) 

= (M ®s £2) o (££ ®A ®S o ®A (pAf»B2 o (e*^ ®S ®A M))) 

= (Af ®s £2) o (£(1 ®A M ®B D) o (^C ®A (/'^ o Pm)) 

= (Af ®s eg) o (££ ®^ Af 05 D) o (£ ®^ o (£ ®^ pm) 

= (Af ®s £2) o ^?*'"^ o {££ (^A M) o (£ ®A Pm) 

= {£^®aM) o {€®aPm) = (£€®aM) op^^^M = (££ ®A O (g)^ Af), 

which implies the equation (|2.5p . A similar argument proves equation (|2.6p . and this finishes the 
proof. □ 

Remarks 2.6. (1) We can study the case of special corings such as a corings constructed by an entwined 
structures (see [30]) and other kind of corings, all of them within the bicategory REM(Bim). This 
will lead in particular to the study of the cases of graded modules, comodules over coalgebras over 
fields, Hopf modules... etc. 

(2) The case of the 2-category whose 0-cells are all Grothendieck categories, and whose Horn-Categories 
consists of categories of continuous functors i.e. right exact functors which preserve direct sums 
(see [21] for elementary details) could be of special interest since it gives another point of view for 
the treatments of the problem of equivalence theorems stated in [7] , [5] , [TU] , [TT] . 

(3) The non unital case, that is, the case concerning the bicategory of unital bimodules over rings with 
local units (see [21]), leads to the study of Morita contexts between rings with local units as was 
developed in [^^ and [35] . 
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